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Abstract

The fundamental concepts of Analysis such as the limit, the derivative addfthiée
integral are taught in Secondary Education Senior High School and students are
confronted with difficulties in their conceptuahderstanding In the present graduate
thesis what is examined is the role of the history of Mathematics and its utilization i
teaching the concepiof Analysis which have been constructed through historical
problems. The context of their teachimgGreek mathematics educatimnpresented

as well as the difficulties encountered by students in thederstanding The
historicd evolutionof the fundamental concepts of Analysisch as the functiovia
logarithms thederivativevia the problem of the tangent, calculation of maximum and
minimum of a function and derivatiasinstantaneouselocity as well as the concept
of integral via the quadrature of the parabolic secttopresentedror all the above
conceptswe propose soménstructional activities within the context of Realistic
MathematicsEducationbased on historical problemsh@teaching of thesactivitie®d

is the object of further researefithin the context of innovate activitiessuch as the
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OEMA 3o
‘Ectw 1 ouvdotnon f(x) = x°+x°+x .
a. Na pshetfjoete v £ wg mpog v pnovotovia ol ta ®olla

[ J¢]

ot va amodeiEete du n f éxer aviiotpogn auvvédotnon.
Movddeg 6

No anodeiEete 6t f(e™)2f(1+X) yia ndbs xelR
Movddeg 6

No amodelEete 6TL 1 €@QOUmTOUEVY NG YOOQUANG
napdotaone e f oto omuefo (0,0) elvar o dEovag
ovppeteiag TV yoo@LA®V nopoaotdoemy tne [ xol tng
f—l

Movddeg 5

Noa vrohoyioete 1o epfaddv 1oV yweiov mov megirnheleton
ond ™ yoo@Lri TapdoToon TN f'l, tov dEova Tmv X ®al
v evlela pe eElomwon xX=3.

Movddeg 8

30 U " UsUUa o931 GUsd “~yy Us
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OEMA 40

Eotw ma cvvdpinon f ovveytic o éva ddotua [o,B] mov
gyel ocuveyl devreon mwaodywyo ovo (a.p). Av Loyvel
f(a) = f(B) = 0 =ar vrndoyovv aotBuol ye(o,p), de(a,p),
é¢tor wote f(y)f(8)<0, va anmodelEere 6ti:

TEAOZY 3H> SEAIAAY

APXH 4HZ SEAIAAT
I'’ TAEH

a. Ymdoyel pla rovhdylotov olta g eElowons f(x)=0 ovo

dudgotua (a,p).
Movadeg 8

B. Ymdoyouvv onuelo E;, &, € (a.B) térora dore £7(E;)<0

wal £77(E,)>0.
Movddeg 9

Y. Yndoysr €éva tovAdyLotov onuelo ROUTHS TNG YOO@LHYS
nopdotaong tng f.
Movabdeg 8

Aur U UsUUaUUs d U Usyadyd 6 Geyyd Udd U
G0 Us¥Yley U g eusUtUrepPU® dsgglUppeBesiUbUpl}
UOoedy 2W0ddlbdy a6y e UpUsUWwWula>8 U8B UsUsa U
G) Yoyds U6 UsgoavYeoslilUas celdddowsih Sdceard 8 ke 3
ddeUacopliywedf ~ Uy UseysUs Ue Usd Ueddlleelish UsUly & 3
Us dyeU UguUpf.

BU 3 U o o Wu A& Wdlgr
0 W ¢¥add ¢eUjdqlaeg 0Uszsaei sgaUaag
27 B9 2013
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OEMA B
Qewpoupe Toug piyadikolg apiBpols Z yia Toug oTroioug IaXUEl:
(z-2)(z-2)+|z-2|=2

B1. Na amodeifete 0TI 0 YEWHETPIKOE TOTTOC TWV EIKOVWV TWV MIyadikwv Z,

gival KUKAOG UE KEVTPO K(Z,O) Kal aktiva p=1 (Hovddeg 5)

ITn ouvéyela, yia kdBe piyadikd Z TOU AVvAKEl OTOV TTAPATTAVW

YEWHETPIKG TOTTO, va amodeiete 6TI ‘Z|S 3 (Hovadeg 3)
Movddec 8

B2. Av ol piyadikoi apiBpoi Z,, Z, ToU aviikouv oTOV Mapanave YEWHETPIKO
Téno eivar piles Tng eficwonc W2 +Pw+y =0, pe W piyadiké apiBuo,
B.yeR, kai

[Im(z,)-1Im(z,)|=2
TOTE va anodeiEeTe OTI:
B=-4 xa y=5
Movddeg 9
B3. Oewpolue Toug piyadikolg apiBuolg Oy, d,, O, 01 OTToiolI avikouv oTov

YEWHETPIKG TOTO Tou epwtriuatog B1. Av o piyadikég apiBudég v
IKAVOTTOIEl Th OXéon:

vVi+a,vi+av+a, =0
TOTE Vo atrodeieTe OTI:
v|< 4
Movdadeg 8

aeali UdaUs "eai 65 eUddqUyd oaUd:
¢ a3Us (Us¥YasoU

EUe 3 ughl
62oUB; U. zU U o)
e G0 dGeyidd U UU 0O phels3U 65 ¢
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©OEMA B

2

» XelR.

X
Aivetal n ouvdptnon f(x)=—;
X +1

B1. Na Bpeite Ta diacTAgara ata omoia n f cival yvnoiwg avgouca, 1a
diaoTtrpara ota omoia n f eival yvnoiwg ¢Bivouoa kal Ta akpétata ¢ f.

Movddeg 6

B2. Na Bpeite Ta diaothpata ota omoia n f eivalr kupth, Ta diaoThpara ota
omoia n f eivar koiAn kal va TpocdlopiceTe Ta OnueEid KAMPTIHG TNG
YPAQPIKAG TNG TTapdoTaong.

Movadeg 9

B3. Na BpeBoUlv ol aoUUTITWTEC TNG ypaikig TapdoTtaong Tng f.
Movadeg 7

B4. Me Bdon Tic ammavifoelg oag oTa epwTiparta B1, B2, B3 va oxedidoeTte
ypa@ikr mapaatacon 1n¢ ouvaptnong f.

(H ypa@ikr) Tapaotaon va oXedlaoTel He OTUAOG)
Movadeg 3

g Uy U v3y dyeU, HUUs UseydiddealU aUs uwsUGUL
bUdecgospabyrillsaU HUs 85 eUddqUyd 68 “~sGa0Ll
bUdecasgoe¥dge U< flj; sl@ "8g UGUdeUas(39.¢avyUx U |
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6} had®PUuUssboWaUUU); egbhore U od vtlalfiltigh Us o @

aU3Ug ®mByesct UG ailldla 8o Yaod ~aUseydiGaU Uxs eU0dd
z2U} s0Y Uk AleadU ¥y @itid) a8 a sUls el :
vU 3 U o o u A&Wdlgr
0 W ¢¥add ¢eUjdlaeseg dUszsaesi sgaUasasg
25z Usg 201
APXH 3HF FEAIAAY - T" HMEPHFION
©EMA T
, . e*
Aivetal n ouvdptnon f(X)= Zo1 xeR.
M. Na peretoete Tnv f w¢ Tpog tn povoTtovia kal va atmodeifete o6T1 To
guvoho Tiu@wv Tn¢ eival To didotnua (0,+w).
Movadeg 6
2. Na amodeiete 611 n e€icwon
3-x 2 :
fle” (X +1) = =
5
£XEl 0TO CUVOAO TWV TTPAYHATIKWY apIBUwWY pia akpifwg pida.
Movdabdeg 8
3. Na amodeifete 611
[Trat < 2xf(4x)
yia kde x> 0.
Movabdeg 4
F4. Aiverai n guvdpTtnon
1 pdx
oK) = ;fo(t)dt,x>0
2 , Xx=0
Na amodeiferte 671 n ouvdpTnon g cival yvnoiwg avfouca ato [0,+ ).
Movabdeg 7
GoU Ue 1 € 64 U0Ua UiosaealU ay¥y 8sed 3U by Us Ud:

¢

fqx) = =

" Uy} Waeade O dce Ud ¢ U céaidlma Widl

sdi@eadild ¢UddUyd

99U Ud UgjUeoleds b (g ddbiliduU o oUdygerob s dddqUosaed
gx)=Q & p ¢ U)o ayoae3UUd UtssaUaeghgqgdUU Ud

BU 3 U e oy Wu oA&Wlgr
M ¢¥add ¢eUjdlaeg 0Ussoaesi sgoaUaag
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OEMA A

‘Ectw M ovvexfis cvvéotnon £:(0,4+=) >R, n onola yia »&Be
x>0 vravomolel Tig oyfoeLs:

e f(x)+0
xt—x+1
- j-f(t)dtzxfxl
1 e
* fnt—t
e (nx-x-=— [Il WdtJre]-\f(x)

Al. No omodeiZete 611 1 f elvor mopaywyiowun »al va Boeite
Tov TOMO TNS.

Movadec 10

TEAOT 3HY ATIO 4 SEAIAES

APXH 4HZ SEAIAAT - T” HMEPHIIOQON

Av gival f(x) = e (fnx—x), x>0, T6TE
A2, Na vmohoyicete 1o doro:  lim |:(f(x))2 nuiff(x}}
=0 f(x)

Movadec 5

A3. Me tn Pofifera g avicdntas fnx<x—-1, mov woyler yia
néBe x>0, va amodsiZete 6TL novvaoINom

F(x)= I xf(t) dt, x>0,

6mov >0, sivor =votf (novadss 2). Ttn cuvvéyeaia vo
amodeltete STLC
F(x) + F(3x) > 2F(2x), yio »éfe x>0 (povades 4).
Movadec 6

Ad. Alvetar o otafeods moayuatTirds aowBuds pB>0. Na
amodelEete 6TL vAdoyel novadind E=(B,2p) Tétolo Mot

F(B) + F(3B) = 2F(E)
Movadec 4

ZUes ol dyeU O Us¥WslUgleUfsgl aagld “~caatsz U

ZUds tes¥YyalUsU Uxsz B U&aUWs alilsd e Oz WhBa Uari U
(200:22016) yesfgaesdUdila dyeUUU. | gdecij L £8UUmMeg
Ue Uy sU0aclU oaUs Uds oyWBEes ¥38dg UUWE gUeeswadds
UydddB d U U0 dBgatgd 1

BUs Uooylfi o kB Y

0 W ¢¥add ¢eUjdqlaeg 0Uszsaei sgaUaag

6 tegs3aseg 2011
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OEMAT

‘Eva #ivnté M aiveitor vaté ufizog tne #apmiing v=+x, x=0.
‘Evoag mapatnentiic Poioxerar oty 6écon TI(0,1) evdg
cvotfiipatos cuvvretayuévoyv OXYV »oL mapatneel to ®ivntd
and tnv apyf O, dnwe gaivetolL 01O Tapuxr@Tw Ooyfua.

¥4 ——
A(4.2
1. 7
[
M
O X

Alvetoar 611 0 oVONOS petaPoiflc TNS TETUNUEVIS TOV #ivnTo ¥
v #@Be yooviri oyt t, t=0 eivar X'(t) =16 m/min

1.

2.

I'3.

4.

Na amodsiEete 6T 1 teuNUéVN ToUv vnTo 0, o #abe yoovixri
otuyui t, t= 0 divetron and tov timo:
x(t)=16t
Movdadeg 5

No amodelEete 6Tt to onuelo TNc #»opumiing uéyroL To omoio o
noapatnonTic el omtixi] enaqh pe To #vntd sivalr to A(4,2)
“oL, OTN Ouvéyeia, VO UmOoAOYiOsTE mOO0 ¥0OVvo SLaQHEl 1
omTLHT ETOQT.

Movadeg 6

Na vmnohoyioete 1o epufaddv tov jywoiov Q mov
dravobger N ontirf) axtiva IIM tov moaoatnonti and to
onueio O uéyoL To onueio A.

Movdadeg 6

Na anodeifete 6t vndoysl goovint onypi tge (O,i), wath TV

omoia 1 améotaon d=(TIM) tov mapumnonti] and TO #LYNTO
viveton ehbyom).
Movdadeg 8

Na fzwofioete 611 10 #ivntd M #or o maoatnontic IT slva
onueia tov cvotfipatog cvvretayuévoyv OXV.

BU 3 U e o Wu oA&Wlgr
8 N é¢Y¥add ¢eUydiasg Usssaasi sgoalUaesg
21 tegs3aeg 2014

Us uUi UU;e Us 2014 ¥d oaas3dlq
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©EMA A

e’ —1

, av x=0
AiveTal n guvdaptnan f(x)=

1 ., av x=0

A1. Na amodeitere onin f civar ouveync oto onpceio X, =0 kai, oTn guvéyea,

4TI gival yvnoiwg avfouoa.

Movadeg 7
A2, Aiverar emimAéov ot n f oeival kupTh.
a) Na atrodeitere o11 n eCiocwoan
2f'(x)
I flu)du =0
1
£xel aKpIBUC pia AUon, n omoia sivar n x=0 (Hovadec 7)

TEAQOY 3HY ATIO 4 YEAIAES

AvokTiBnie oo v EkmmBzumin Khipoka (http:edu.klimaka.gr/}

B) Eva viiké onpeio M Eexkiva tn ypovik oniyun t=0 amé éva onpcio
A(xn,f(xu)) pe X, < 0 ko kiveital KaTd pAKOG TNG  KAPTIOANG
y="f(x), x=2x, wpe x=x(t), y=y(t), t=0. e moio onpeio TNG
KQUTTOANG 0 puBuoc petaBorng Tng TeTpnpévng x(t) Tou onpeiou M eiva
BiTTAdoiog Tou puBuoU petaBohic Tng TeTaypévng Tou Y(t), av umoTeBei

on x'(t)>0 yiakade t20.
(uovadec 4)

Aa3zUs U3 UdUd)iedledelrs ) 6 b odlegvUr sl sidlslyd du:
6 calUd UdansgUHW;s WHWU UdgddastilUpiedeallgUlsa U
931 0Uwag, 000Gy} 63 0Us GUds Ugalcb&diipdes ¥a
U eUUeaytegtUU3 Us s0ddg siEydr6aB8ci d

0 CGcmomEdhe Y} ddg3 )} 6 bealkoesilllls " cadlidd UaUcs !
zU;sUa&Y UgUit s UasUsh Ued 43 1Ydl.o didlas @Bea i U
Ugr8d) Jeeddwdiad gy UUsaci ( SLOJGYGQ §

) ( )

30U0U0Us U&hH4 Ud GgexplUdodg g
q Ueg UsUs gy UUsosai , LGUU 3
dUjeegoy UtalUd ¥d '4.6d 6 3U o2a3Us eyostUasd

e 0
UaddUsei d Uas
ufa
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joegasgdd “~jJebeaeceUUU G@ndgUEEls Fgpigbgd yedUsd
UGeoedlbsgd Bosbaae80 g ¥pobegaslweba Gy dsah

“0) s 0dHE Uslg s AUV U Ud ¢ BoglEbY U eyuerasg sU a'salesi U
"1 ebaodsgUBuUeosdiUs GUds UsUsYogywhdglidag.bUlss

gel AedisemU Ud 3t ocUsa Uy d° j elbpoee elrlicdd ~6g Uy dd
"Us UaaUlisayd UsU0UYOGUsgUpde) slicoda Uhéd sysé
aU0U0U0GUYOUsd GUd WUhbiess.ahodad Uvxs oy

vU 3 U o o u A&sWdlgr

b vyadd ¢elU)ydlasg GUsssaasi sgoalaasg
OEMA 4o
‘Eotw Q(t) n tipf evée mpoidvioc (oe exatovtiadec yLhiadec
Spaynéc), t €t puetd v wuvrlogopia TOL WEOIGVTIOC OTNV
ayood. H coyixf tipwyq tov mpoidvrog fitav 300.000 doayuic,

EVEH WETA amtd 6 wnveg M Tiuy tov eiye pewwmBel oto pLod g
apyLtie tov Tune. Av eival yvootd 6Tl LoyleL

InQ(t)=at+p, t=0

omov o, B €R, tdts:

a. vo deiBete s Q(t)=3-47" t=20,
Movdodeg 10

p. va Poeite oe mdoo yodvo N TuN Tov meoidvtoc Ba vivel
ton ue 1/16 tyg apyixic tov TLume,
Movdadec 8

Y. vo Poelte tov ehdyroto xedvo yLo tov omoio m Ty tTou
nooidvrtog dev vegfalvel to 1/9 g aoyuig Tov TLUE.
Movdabdes 7

g¢e } Abode Opeltglsh (W cYdelpgg@dmds U U Usd 3
"jeusUo) Ulyd Usseahodlidd GUU zUddeUUsay¥
Usa UstiUgUsose ¢ UUWy jvidd e g teH Békigm)hle9 7. 0 g d

"8g UHAH I Ubegd e UddelyodY ol 6ajYelladsUUU aUds b
U¥3s 23 0 Uts, U U Uy aJ3WUsbl decasepic goaliddWmls 3 hedl
Ug BRie 0 dadU00Wpa0UY, 0dsd j ebodegyYaBeed oy U
Uys UsU00yaUrsé

joaeasgdlUa d U abded oyl slhely dd yoeUBUWg b oae U s

U InQ(t) = +be Q(t)= e™*? = e A¢°
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Q0)=3¢é =3¢ b In3

QH=-é 30 =-¢ O =-¢ —=In-& (=-2In2é U=-In4

0} Q)=3x"=30 T=3RtdO

bQt)=—AB8 4=4% t=2y U

5. YW OB8 3A0-¢é 4'0 %8 -tnad2in3é tind ArB é

tO—=—-03 U 6 Ua¥YcolUseygld Bl O9cdelddwygls

"0y, UavyUxy Uas3c3UU@3dbUdappdaiddfhid UX: h

. TY @965 (UglgUad aUdit d GUasU0UUs) eUddUyd
"3 ebaoevelUcdg, “~jelGyilGgoUs GUes3s 3heese Udd Ua
g hyd Uegd UdnQi)e=tiby Uk slec ygled 3 UUd U UgdUaU
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Johann Bernoulli(16671748)
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Leonhard Euler (1707%1783)
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Joseph Furier (17681830)
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